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Shape Control of Beams by Piezoelectric Actuators

Shengyuan Yang* and Bryan Ngoi'
Nanyang Technological University, Singapore 639798, Republic of Singapore

The shape control of beams by piezoelectric actuators is addressed analytically. Solutions are presented for a
beam subjected to different boundary conditions. The solutionsshow how and how much the piezoelectric actuators
can influence the shape of a beam. Several case studies are also presented to show the applications of the analytical
solutions in the various analyses relevant to shape control of beams by piezoelectric actuators. The limitation of
the actuation forces produced by piezoelectric actuators makes it difficult to realize global and local precise shape

control.

I. Introduction

HAPE control of flexible structures by piezoelectricactuators is
one of the interesting applications of piezoelectric materials.!-?
In this application, the actuation forces produced by piezoelectric
actuators are used to change the shapes of flexible structures. Some
work has been reported on the shape control of beams, plates, and
shells during the past few years. Some numerical methods, includ-
ing the Ritz method,>* finite difference method,’ and finite element
method®~!? have been used to model and analyze the problems rel-
evant to shape control of flexible structures by piezoelectric actua-
tors. However, due to the approximation of the numerical methods,
the reported results can only give rough information of the global
shape changes of the structures induced by piezoelectric actuators.
They cannot show the detailed local shape change information, such
as information on the slope or curvature change of a structure at
one point. The detailed local shape change information induced by
piezoelectricactuators, which shows how the piezoelectricactuators
can change the shape of a structure or what types of shape change
the piezoelectricactuators can make to a structure, is important for
the design and analysis of such a piezoelectric smart structure. To
obtain this information, one needs to analytically solve the problem
of shape control. In general, it is very difficult and complicated to
solveanalyticallythe problemfor a two-dimensionalplate; however,
a one-dimensional beam is another case, and an analytical solution
can be possibly obtained with acceptable complexity. The conclu-
sions for a two-dimensional plate can be drawn from those for a
one-dimensional beam.
This paper will present the analyticalsolutions of the deflection of
a beam induced by both piezoelectricactuators and external forces.
In accordance with the solutions, the detailed local shape change
information induced by piezoelectric actuators will be addressed.
Using the solutions, one can analytically perform various analyses
relevant to the shape control of beams by piezoelectric actuators.
Case studies will also be carried out to show the applications of the
solution.

II. Solution

Figure 1 shows a beam with n pairs of piezoelectric actuators
bonded on it. Each pair of piezoelectric actuators consists of one
actuator bonded on the top surface of the beam and the same type of
actuator symmetrically bonded on the bottom surface of the beam.
This symmetric distribution of piezoelectric actuators was com-
monly adoptedin previousreports. The length, width, and thickness
of the beam are [y, b, and #,, respectively. The width and thicknessof
each actuatorare b and 1, respectively. The left and right end of the
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kth pair of piezoelectric actuators are /;; and /;,, far away from the
left end of the beam. The voltage applied to each actuator of the kth
pair of piezoelectricactuatorsis V;. The two actuatorsof the kth pair
of piezoelectric actuators are polarized so that a pure bending actu-
ation effect can be produced by V;, where k =1, 2, ..., n. Young’s
modulus of the beam and the piezoelectricactuators are ¥, and ¥,
respectively. The piezoelectric strain constant of the piezoelectric
actuators is ds;. N; and M; and Ny and My are the constrained
forces and moments acting on the left and right ends of the beam,
respectively.In the analysisof the deflection of the beam given here-
after, plane hypothesis'! will be adopted. The error induced by this
can usually be neglected!? relative to the other errors arising from
nonlinearity (such as hysteresis) and the tolerance of piezoelectric
constants,'? etc. The hysteresis of a PZT actuatoris typically on the
orderof 10-15% of the commanded deformation,'* and the standard
tolerance of piezoelectricconstantsis 20% of their typical values.!

If the excitation of the electric field in one of the preceding piezo-
electric actuatorsis treated as normal external excitation forces act-
ing on the actuator, and simultaneously the actuator is regarded as
a pure elastic body, the excitation forces act on the two ends of the
actuator with the intensity of d3; Y, V;/ t, and are in the axis x. Then
the excitation of the voltage applied to kth pair of actuatorsbehaves
as two equal and opposite bending moments acting on the two ends
of the pair of actuators. In accordance with the sign convention
adopted in the mechanics of materials,'! the bending moments M g,
can be obtained by

Mg, = —d3 bY, (1, + 1)V, €8]

Then the force and moment equilibrium conditions of the beam give

NL =—NR (2)

ML =MR+NR1() (3)

If the deflection of the beam is w(x) under the condition of small
deflection, we have
AQ)w"(x) = M(x) )
where w'(x) denotes the second-orderderivative of w(x), A(x) is
the bending stiffness, and M (x) is the bending moment of the cross
section at a distance x far away from the clamped end of the beam.
In Eq. (4), we have
for

Y, I,

Al = 1k
) {Y&'[&'+2Yala’

l(k —1p=x< lkl and ln2 =<x slg

for lkl <x < lk2 (5)

where [y, =0 and [, and 1, are the rotary inertia of the beam and the
actuators with respect to the middle plane of the beam, respectively,

I, =bt} /12, I, = bt,Y, (32 + 61,1, + 412) /12 (6)



YANG AND NGOI 2293
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Fig.1 Beam with n pairs of piezoelectric actuators bonded on it.

MR + NR(I() - x) + ML,()C), for l(k—l)2 <x< lkl
M(x) = and [, <x <l

Mpi + Mg + Ng(ly — x) + M,(x),
for I, <x<l, ()

where M,(x) is the bending moment independently induced by ex-
ternal actions acting on the beam in addition to the piezoelectric
actuation.

Substituting Egs. (5) and (7) into Eq. (4) and integrating it, we
obtain

Y, Iw'(x) = —=Ngx? /2 + (Mg + Nilo)x + G(x) + C;
for lyp_1p <x <l
(Y, I, + 2V, I)W'(x) = —Ngx? 2 + (Mg + My + Nylo)x
+G(x)+ Dy, for [y <x <l
Y, Iw'(x) = —=Ngx? /2 + (Mg + Nglo)x + G(x) + C, 4y
for L, <x<l, (8)

and integrating Eq. (8), we obtain
Y, Lw(x) = —=Ngx’ /6 + (Mg + Nglo)x* /2 + H(x)

+Cx + E, for -1 <x =<l

(YL, + 2Y, I)w(x) = —Ngx’/6 + (Mg + My + Nilo)x*/2
+ H(x)+ Diyx + F, for [ <x <l

Y, Iw(x) = —=Ngx® /6 + (Mg + Nglo)x /2 + H(x)

+Coix+ E iy, for [y <x <l )

where w'(x) is the first-order derivative of w(x); Ci, C,+1, Dy,
Ey, E, ., and F; are the constants of integration and will be de-
termined by the boundary conditions and continuity conditions of
the deflection and slope of the beam together with Ng and Mg; and
k=1,2,....n

G(x) =/Me(x)dx (10)

H(x) = / G(x)dx (11)

The results for the constants of integration and N and My
are as the follows. For a beam with clamped-free (CF), clamped-
supported (CS), or clamped-clamped (CC) boundary conditions,

Ci =-G(©O) (12)

k

> {(AIMB,- — My = Nglo)(lip = )

i=1

Civ1 =—-G(0) +

1+ A

Ng (lizz B lizl)
2

+ -[Gp) - G(lil)]} (13)

1
Dy = —<1 + T)G(O) — Mgl
1

w2 e+ vt = 22 i + G
T] R R 0_? k2 (k2)

k

1
+ 1_1 Z {(MMB;‘ = My — Nglp)(lin — ;1)

i=1

Ny (lizz - lizl)
2

+ - [GW») - G(lil)]} (14)

E; =-H(0) (15)

k

1
T+ 4 Z {(—llMBi + My

i=1

(li22_li21) NR(lfz_lfl)
2 3

Eivy =—H(0) +

+ Nily) + [GUi)ln — G ]

—[H () - H(ln)]} (16)

1 My 2,
Fo=—(1+—)H) + 22
' ( /1>(0) >

1

1 M I} )
- Z{[TR + N (30 - ?)}lfz + Gl — H(lkZ)}

(lizz - lizl)

2

X
1
+ - Z {(—llMBi + My + Ngly)

1

i=1

N (3 -1}
- @ + [G(liZ)liZ - G(lil)lil] - [H(IIZ) - H(lzl)]}
17
where
ll =Y&'[&'/2Yala (18)

InEgs. (12-17), N =0and My =0 for the CF boundary condition

Ni = P11P23 — P3P (19)
PiuiP2 — Pi2P2
M, = B3Pz~ Pubs (20)
Pi1iP2 — Pr2P2
with
1 n
=1, — li - li
P =lo T4 Z( 2 1)

i=1

I 1 - lin + i
=== E liy =1 ly — ——
P12 5 T+ 2 (lin 11)<0 5

i=1

2/ n
P13 =— 1 ZMBi(li2_1i1)+

1 n
o = 2 16 = Gl

1+

i=1 i=1

—[G(lh) — G(0)]

2 LI § R— 4
I’zl:l—0 ! Z(lz ’1)

2 1+ 2

l?

5 1 (2= B=-r
=_0_ i2 lll_ i2 il
P2 =% 1+/IIZ< 2 T3

i=
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P A Xn:M lizz_lizl
2T+ )

i=1

Z{[G(llzwlz GUi)lin] = [H(ly) = H)}

i=1

= G(lo)ly + [H(ly) — H(0)] 2D

1+/l

for the CC boundary condition, and My =0,

Ng = pxl/ps (22)

P32 =

i +ll
(112 ll)( - = _10>
i=1

Z{[G(m Gl = [GUin)liy = Gl ]

i=1

+[H(n) — HLDI + Gyl —

1+/l

[H(ly) — H(0)] (23)
for the CS boundary condition.

For a beam with a simply supported (SS) boundary condition,
Nr =0and M =0, and

Co = —L[H(Up) = H(O)] + —— Z M (5~ 1)
=T (lo) (0) REHA 2 1Mpi———

= (Gl = Gy + [H(l) — H(lil)]i|

- Zlo{/llMBi(liz = 1)) = [Gp) - G(lil)]}} 24)
i=k
1 1 - (lizz - lizl)
Covi = = H(y) = HOI+ 5r ; {AIMB,-T
=[Gl = G ] + [H(l) - H(lil)]} (25)
1
D, = ~7 (1 + —>[H(10) — H(0)] — Myl
0

2

1 1 (5 -12)
+A_IG(1“)+EZ{MB'—I

i=1

1
- T{(G(liZ)liz =Gl = [H() - H(lil)]}}
1

- 1
-y {MB,-(liz ~l) = —G() = G(lio]} 26)
i=k !
E, =-H(0) 27
1 : (lizz _lizl)
Ecer = —H(0) — Ay My
. O -7 Z{ M=
= [GUi)li, — Gl ] + [H(ln) — H(lil)]} (28)

1 Mg, 12
F = (1 + 7>H(0) - —[G(lkz)lkz — H(lp)] + —L2
- Z {MB, - —{(G(llzwlz Gl
i=1
~[H(ly) - H(lil)]}} (29)

Thus far, the solutions of the deflection of the beam under four
boundaryconditionshave been given. Using these solutions,one can
analytically analyze the static deformation of a beam subject to both
piezoelectric actuation and other mechanical action. In accordance
with the solutions,one canalso choosethe physical parameters, volt-
ages, sizes, positions, and number of the actuators to satisfy one’s
needs, thatis, to control the shape of a beam. Hence, various control
problems, such as the deflection or slope control of some points, the
constrained forces and moments control applied by the boundary,
precision local shape control around a point, desired whole shape
control of a beam, etc., on the shape control or optimal shape con-
trol of a beam can be solved analytically. In the next section of this
paper, several examples are given to show the applications of the
solutions.

By dropping the terms including G and H in the preceding equa-
tions, we can get the solution of the deflection of a beam indepen-
dently induced by piezoelectric actuators. Of course, one can also
obtain the deflection of the beam by superpositionof the two deflec-
tions independently induced by the piezoelectric actuators and the
other actions, respectively. From Eq. (9), one can see that the piezo-
electric actuators can only deform a beam by a quadratic curve for
the cases of the CF and SS boundary conditions or by a cubic curve
for the cases of the CC and CS boundary conditions. That is, the
piezoelectric actuators cannot arbitrary change the shape of a beam
or cannotdeform a beam to arbitrary shapes. This reveals the limita-
tion of shape control by piezoelectricactuators. To achieve arbitrary
shape control of a beam, only optimal design on the piezoelectric
actuators can be conducted to minimize the difference between the
actually achieved shape and the desired shape.

For the convenience of later applications, here we specifically
write out the solutions of the deflection of a beam with one pair of
piezoelectric actuators bonded on it (shown in Fig. 2). For the CF
boundary condition, we have

0, for 0<x </
w(x) = { (Mp/224,)(x — )2, for I, <x<l,
(Mp/2)(p —ID[x —(y + 1)/2] for I, <x <l
(30)
where
Ay =Y, I +2Y,1, 31
My = —dy bY, (1, +1,)V (32)

with V the voltages applied to each actuator.
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Fig.2 Beam with one pair of piezoelectric actuators bonded on it.
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For the SS boundary condition, we have

MB([ 1) bl for 0<x<I
12 2 1 210 X, or =X =<1
M 2 -2
w(x) = 2—£|:x2+<21—01—212>x+11{|, for Iy <x <l
Mg X
2_/12(15_1‘2)<E_1>’ for I, <x <l (33)

For the CC boundary condition, we have

1 Ngx3 Mg + Ngly)x?
W) = o | N Mo ¥ Nelo)X? | <x <1,
Y I 6 2
1 NR)C3 (MB + MR + NRIO))CZ
wx) =—1{— +
A 6 2

1 [
+ {_MB + TI[MR +NR<10 - %)i“llx
Ay = L v+ N1 - 2L i
B T R rllo 3 >

for I, <x <,

1 NR)C3 (MR + NRI()))CZ
w(x) =——1-— +
Yo I 6 2
Pl My = M= N[+ B
- - X
1+ll 1 B R R 0 2
1 2 2
s (MM — Mg — Nelo) (13 = 17)
ONR (I3 =D
+%i|}, for L, <x <l (34)
where
PPy = PPy
Ne ==& .0 (35)
Py Py — P1a Pay
_ PPy = pipy
My = m 0 m D) (36)
P11 Py = P1a Py
with
1
Pill) =l - T+ (L-1h)
1
[2 1 [ +1
M _ 0 _ L—1)| 1y - —=
P > 1+11(2 1)(0 )
2 12 1 B-1)
0 1 ) 0 2 N
=— My(ls — 1 =2 _ -2 U
P13 1+ll B(2 1)’ P2 P 1+ll P
p<1>=£_ 1 15—1121_13—1?
276 1+Aa\ 2 0 3
A 2=
(1) 1 2 1
= — M 37
p23 1+11 B ) ( )

For the CS boundary condition, the expression of w(x) is the
same as Eq. (34), except that M =0 and

(€V]
Ny =% (38)
P

with

i 1 L=
P = 3+ [(1; )l — 2+ - 13}

1+ 2 3
A [ +1
(€V] 1 1 2
Py = T 7 Mg(l, — 11)( >~ 1()) (39)

III. Cases Studies and Discussion

In accordance with the solution shown in Eq. (30), one can di-
rectly write the tip deflection of a piezoelectric bimorph beam
as 3ds o V/(4t?), as is widely known.! The deflection of the
[45/ —45/ —45/45] composite cantileverbeam subjected to an actu-
ator voltage of 75 V, which has been calculated by Donthireddy and
Chandrashekhara’ with their finite element model, obtained with
Eq. (30), is shown in Fig. 3. The results obtained here show good
agreement with those of Donthireddy and Chandrashekhara’ The
difference between their results and the results here may stem from
their having considered the lateral strains in their one-dimensional
beam model.

Figure 4 shows the normalized deflections [w(x)/wg, where
wo=Mp lg//lz] of abeam for the four differentboundary conditions,

3.00 T I T T
Present results
T O ResufsinRef7 & 7
E 2.00 — —
E
z
c - e} |
2
B
Q£
8 100 |
0.00 ' ‘ 1
0.0 100.0 200.0 300.0

Longitudinal distance, x (mm)

Fig.3 Deflection of a[45/— 45/— 45/45] cantilever beam for an actuator
voltage of 75 V.

0.25 T T T T T T T
= ’/ -
0.20 — - % /4
L CC / -

§ (03] /
£ 0.15 — — - — CF ,/ —
§ 0 s
T 010 7 —
Ko /
° F . =
k)
8005
=
E
<}
Z 0.00

-0.05

~
-0.10 I | I |~ — ’l/ I l I
0.00 0.20 0.40 0.60 0.80 1.00

Relative longitudinal distance, x/i,

Fig.4 Deflections of the beam shown in Fig. 2 for different boundary
conditions.
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Fig. 5 Dependence of the constrained moment of a CC beam on the
length of the actuators.

0.00 T T T T T

S
w
S
[

i
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-0.90 — —

Normalized constrained moment, Nrly/Mg

-1.20 — —

[P SR R T R B
0.00 0.20 0.40 0.60 0.80 1.00

Relative length of actuators, x/ly

Fig.6 Dependence of the constrained force of a CS beam on the length
of the actuators.

respectively. The beam is actuated independently by one pair
of piezoelectric actuators with parameters (see Fig. 2), 4, =1,
ly =1y/4, and I, =3ly/4. In Fig. 4, the longitudinal axis is the rela-
tive longitudinaldistance x/ [y. Figure 4 shows clearly how one pair
of actuators deform a beam and what differences arise between the
deformations for different boundary conditions.

We consider another beam actuated by one pair of actuators
whose center is the same as that of the beam, that is, [| + [, =1,.
Figure 5 shows the dependence of the normalized constrained mo-
ment M/ My acting on the end of such a beam with a CC boundary
condition on the relative length, (I, — 1)/ ly, of the actuators. Note
that the constrained force is zero for this CC beam. From Fig. 5,
we can see that a maximum of the constrained moment occurs at
about an actuator length 0.7/,. Thus, if one wants to design such a
structure to actuate its base, one should adopt this actuator length to
maximize the actuation efficiency. Figure 6 shows the dependence
of the normalized constrained force Ngly/ Mp acting on the right
end of a beam with a CS boundary condition on the relative length
of the actuators. From Fig. 6, we can see that the constrained force
increases with increasing actuator length.

L ’
/2

Ly

<
<

>

Fig.7 SS beam covered by two pairs of actuators.

We considera CC beam actuated by one pair of actuators whose
center is same as that of the beam. A force P in the direction —y
acts on the middle point of the beam. Now we try to find the actuator
length and actuator voltage to control the middle point deflection
and constrained moment of the beam to zero. This is another type of
control application that can be realized by piezoelectric actuators.
The constrained moment and deflection of the beam independently
induced by P, represented by Mg, and w,(x), respectively, can be
obtained as

My, = —aP (40)

(P/12Y,1)(x — 6a)x?, for 0<x <l
wa(x) = § (P/122)[x? = 6x2 + 3/ A)(Iy — da)lyx
+(2/a)Ba—IDIE], for I <x <Iy/2  (41)
where

4% + W12
a=—0=Wl_"'0 p (42)
821, + Mily)

Because of symmetry, Eq. (41) only gives the expressions for
0 < x <ly/2. The constrained moment and deflection of the beam
independently induced by the actuators, represented by Mg, and
wi(x), respectively, can be obtained from Eq. (34). Then the prob-
lem can be expressed by the two equations

MR1+MR2 =0 (43)
wi(lp/2) + wy(lp/2) =0 (44)

Solving Eqs. (43) and (44), one can obtain the actuator length
and the actuation bending moment. For example, one can get
I, —1, =0.559], and Mz =—1.08l, P for the case in which A, =1.

Next, we consider an SS beam (shown in Fig. 7). We hope to
deform the beam to a desired shape

Y1(x) =y sin(2z/ ly)x (45)

In accordance with the preceding analysis and solution, we adopt
the distributionof piezoelectricactuatorsshownin Fig. 7, thatis, the
beamis wholly coveredby two pairs of actuatorsof equal size. Based
on Egs. (9) and (24-29), the deflection induced by the actuators for
this case can be written as

M Mp + M I
1[ b _3—1} for 0=v <2

— x
12 2 8
wx)=11 Mgzxz + My, — SMBZI()X My, - Mleg
Ll 2 8 8
l
for —

The errorbetween the achievedshape and desiredshapeis quantified
by

lo
J =/ [w(x) = ()] dx 47
0
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Fig. 8 Optimal achieved and desired shapes of the beam shown in
Fig. 7.
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qool—u L

Fig.9 Achieved and desired shapes of the beam shown in Fig. 7 sub-
jected to some constraints on its middle point.

To optimally control the shape of the beam, that is, to minimize the
error, the following conditions should be satisfied:

of _ o _ 0 (48)
oMy, ~— oMy,
From Eq. (48), we get
9604,
My = —Mp = —22 (49)
w3l

Figure 8 shows the normalized achieved and desired shapes
[w(x)/y01] of the beam for this situation. For a set of parameters
ly =200 mm, b =15 mm, ¢, =0.2 mm, ¢, =1 mm, Y, =63 GPa,
Y, =70 GPa, d5; =—254 X107'2 m/V, and y;; =0.2 mm, we ob-
tain the voltages needed to be applied to the actuators as V, =
—V; =120.84 V. If one wants to deform the beam so that the de-
flection and slope at the point x =1/,/2 equals those of y;(x), one
can also get

Mgy, = =My, =87 2y0 [ 13 (50)

-3.40 T T T T
Achieved shape
————— Desired shape

:E‘ -3.60 — —
=
2
C‘ — -
k]
k3]
2
1]
C 380 —

-4.00 M I L L L

124.40 124.80 125.20 125.60

Longitudinal distance, x (mm)

Fig. 10 Local achieved and desired shapes of a CS beam with four
pairs of actuators.

and V, ==V =98.09 V. Figure 9 shows the normalized achieved
and desired shapes of the beam for this situation.

Finally, we investigate a local shape control problem. For a CS
beam, we try to make the shape of the beam at x =xy =5/,/8 ap-
proach that of

2(x) = —yo2 sin(4n/ ly) (5D

as nearly as possible. In accordance with the preceding solution,
using the piezoelectric actuators one can only realize the third ap-
proach to an arbitrary desired shape of a beam. Thus, we use four
pairs of actuators to control the shape of the beam. The four pairs of
actuators are the same and wholly cover the beam. The deflection
of the beam /y/2 <x <3l,/4 can be concretely written as

1 x3 ) 4 .
v =an <_E 3 ) > i =My,

i=1

+ 32MB3)C2 + 16(MBI + MBZ - 2MB3)10)C

+2(—Mp, — 3Mpy + 4M )15 (52)

The following equations should be satisfied to realize the third
approach:

w(Xg) = ya(xo) (53)
w'(x0) = ¥, (x0) (54)
w”(x0) = ¥4 (x0) (55)
w"(x0) = y5' (x0) (56)

By solving the group of Egs. (53-56), one can get the voltagesto be
applied to the actuators. For the preceding set of beam parameters
and yp, =4 um, we get V; =1182.1, V, =—=2759.9, V5 =3155.6,
and V, =—3942.0 V. Theses voltages are too large for real applica-
tions in many respects. Thus, it is difficult to realize the local third
approachof transforminga beam shapeto an arbitrarydesiredshape.
Even though one can realize the local third approach at one point,
one cannot ensure that the difference between the achieved and the
desired shapes near the point is small enough. The local significant
difference (shown in Fig. 10) near the pointx =x, =5ly/8 between
the achieved and desired shapes of the CS beam calculated with
the actuator voltages obtained earlier illustrates this. The difference
between the achieved and desired shapes shown in the results of
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Varadarajan et al. (see Fig. 5 in Ref. 10) is also significant. Hence,
one needs to choose the number, positions, and sizes of the actuators
wisely, and some optimal design algorithm should be used to design
the actuators.

IV. Conclusions

The solutions of the deflection of a beam simultaneouslyinduced
by piezoelectric actuators and other external actions have been ana-
lytically given for differentboundary conditions. The solutions for a
beam with otherstructurescan be similarly given, and the results will
also be similar. The solutions show that the piezoelectric actuators
can only deform a beam by a quadratic or cubic curve due to their
actuationbending moments occurring at the ends of the actuatorsin
a pair form. Because of the same characteristics of piezoactuation,
this conclusion can be extended to the shape control of plates by
piezoelectricactuators. That is, the piezoelectric actuators can only
deform a plate by a quadratic or cubic surface. Several cases were
studiedto show the applicationsof the solutionsto analyzing various
shape control problems. Numerical results show that it is difficult
to make the shape of a beam locally approach a desired shape with
piezoelectricactuators.
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